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1. INTRODUCTION 

Diophantine equation of the form 1D 22  xy , where D is 

a given positive square – free integer is known as Pell equation 

and is one of the oldest Diophantine equation that has 

interesting mathematicians all over the world, since antiquity, 

J.L. Lagrange proved that the positive Pell equation

1D 22  xy  has infinitely many distinct integer solutions 

where as the negative Pell equation 1D 22  xy  does not 

always have a solution.  In [1], an elementary proof of a 

criterium for the solvability of the Pell equation 

1DX 22  y  where D is any positive non - square integer 

has been presented.  For examples 

the equations 13 22  xy , 47 22  xy  have no integer 

solution whereas 145 22  xy , 1202 22  xy have 

integer solutions.  In this context, one may refer [2-17]. More 

specifically, “The on – line Encyclopedia of integer sequences” 

(A031396, A130226, A031398) for values of D for which the 

negative Pell equation 1D 22  xy  is solvable or not.  In 

this communication, the negative Pell equation given by 

440y 22  x  is considered and infinitely many integer 

solutions are obtained.  A few interesting relations among the 

solutions are presented. 

2. METHOD OF ANALYSIS 

The negative Pell equation representing hyperbola under 

consideration is 

440y 22  x                                      (1) 

Whose smallest positive integer solution is 10 x , .6y0   

To obtain the other solutions of (1), consider the pell equation 

, 140y 22  x whose solution is given by 
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Applying Brahamagupta lemma between )y,( 00x and 

)y~,~( nnx the other integer solutions of (1) are given by 
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 The recurrence relations satisfied by the solutions x and y are 

given by  

038 3n2n1n   xxx
 

0yy38y 3n2n1n    
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Some numerical examples x and y satisfying (1) are given in 

the table (1) below.  

Table 1: Examples 

n 
nx  ny  

0 1 6 

1 37 234 

2 1405 8886 

3 53353 337434 

From the above table, we observe some interesting relations 

among the solutions which are presented below. 

1. nx  values is always odd.  

2. ny  values is always even. 

3. Each of the following expressions is a nasty number: 

 12y 37y 1n2n    

 12 6 234 32n22n   xx  

 12y 1405y 37 32n42n    

 12 234 8868 42n32n   xx  

 12y 702 4404 32n32n  x  

 12y 26658 686001 42n42n  x  

 
38

456y 1405y 22n42n  
 

 
19

228 3 4443 42n22n   xx
 

 
19

228y 18 4440 32n22n  x
 

 
19

228y 702 120 22n32n  x
 

 
19

228y 702 168600 42n32n  x
 

 
19

228y 26658 4404 32n42n  x
 

 
721

8652y 18 168600 42n22n  x
 

 
721

8652y 26658 201 22n42n  x
 

4. Each of the following expressions is a cubical 

integers: 

    2n1n43n33n 39 339   xxxx  
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 2n3n

43n53n

y140537 108

y140537 36









x

x
 

5. Relations among the solutions: 

 1n2n1n 193y   xx
 

 1n2n2n 2386y   xx
 

 1n2n3n 197213y   xx
 

 1n3n1n 721114y   xx
 

 1n3n2n6y   xx
 

 1n3n3n 721114y   xx
 

 1n2n1n 120y19y   x
 

 2n1n3n y72112019y   x
 

 1n3n1n 4560y721y   x
 

 2n3n1n 721193y   xx
 

 2n3n2n 193y   xx
 

 2n3n3n 193y   xx
 

 1n2n2n y12019y   x
 

 1n2n3n y042y   x
 

 2n2n3n y19012y   x
 

 1n3n2n 19y120721y   x
 

 1n3n3n y4560721y   x

2n3n3n y12019y   x
 

3. REMARKABLE OBSERVATIONS 

I. Employing linear combinations among the solutions of 

(1), one may generate integer solutions for other choices 

of hyperbolas which are presented in the Table 2 below. 

II. Employing linear combinations among the solutions of 

(1), one may generate integer solutions for other choices 

of parabolas which are presented in the Table 3 below. 

  

Table 2: Hyperbolas 

S. no (X,Y) Hyperbolas 

1  2n1n1n2n 3937   xx , xx  36X019Y 22   

2  3n1n1n3n 68868 , 1405   xxxx   22 X01Y 51984  

3  2n1n1n2n y3407 , 234y   xx  4441X01Y 22   

4  3n1n1n3n y381002 , 8886y   xx   22 X01Y 2079364  

5  3n2n2n3n 1174434 , 140537   xxxx  36X01Y 22   

6  1n2n2n1n 7y1102 , 67y3   xx   22 X01Y 1444  
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7  2n2n2n2n y171407 , 2347y3   xx  4X01Y 22   

8  3n2n2n3n 17y128100 , 8886y37   xx  1444X01Y 22   

9  1n3n3n1n 443y420 , 6y1405   xx   22 X01Y 2079364  

10  2n3n3n2n y4443740 ,234 y1405   xx   22 X01Y 1444  

11  3n3n3n3n 443y428100 , 8886y1405   xx  4X01Y 22   

12  1n2n2n1n 7y3y , y3y117     22 X10Y 1440  

13  1n3n3n1n 405y1y , y3y4443     22 X10Y 2079360  

14  2n3n3n2n 405y1y37 , y117y4443     22 X10Y 1440  

Table 3: Parabolas 

S. no (X,Y) Parabolas 

1  23937 32n22n1n2n   xx , xx  369YX01 2   

2  45668868 , 1405 42n22n1n3n   xxxx  114YX01 2 19845  

3  38y3407 , 234y 32n22n1n2n   xx  444119YX01 2   

4  1442y381002 , 8886y 42n22n1n3n   xx   721YX01 2 2079364  

5  61174434 , 140537 42n32n2n3n   xxxx  363YX01 2   

6  387y1102 , 67y3 22n32n2n1n   xx  19YX01 2
1444  
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7  2y171407 , 2347y3 32n32n2n2n   xx  4YX01 2   

8  3817y128100 , 8886y37 42n32n2n3n   xx  19YX01 2
1444  

9  1442443y420 , 6y1405 22n42n3n1n   xx   721YX01 2 2079364  

10  38y4443740 ,234 y1405 32n42n3n2n   xx  19YX01 2
1444  

11  2443y428100 , 8886y1405 42n42n3n3n   xx  4YX01 2   

12  127y3y , y3y117 22n32n2n1n  
  60YX2 1440  

13  456405y1y , y3y4443 22n42n3n1n     2280YX2 2079360  

14  12405y1y37 , y117y4443 32n42n3n2n    160YX2 1440  

 

III. Consider 
yp  x

,
xq

. Observe that
0qp 

. Treat
qp,

as the generators of the Pythagorean 

triangle
 ZY,X,T

,  

where 
2222 qpZ,qpY,pq2X  . 

Let A and P denote the area and perimeter of the 

Pythagorean triangle. 

Then the following interesting relations are observed: 

a) 4Z02Y91X   

b) 4
P

80A
Z21X   

c) 
P

2A
y x  

4. CONCLUSION 

In this paper, we have presented infinitely many integer 

solutions for the hyperbola represented by the negative pell 

equation 440y 22  x . As the binary quadratic 

Diophantine equations are rich in variety, one may search for 

the other choices of negative pell equations and determine their 

integer solutions along with suitable properties. 
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